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The motion problem of unidirectional g l a s s - f i be r - r e in fo rced  plastic is formulated under 
the assumption that the f ibers are  under s t r e s s -  s t ra in  only, while the binder is under 
shear  s t r e ss  only. The binder and f iber  inert ia is calculated along a direction parallel  
to the f ibers .  The sys tem of equations in part ial  derivatives obtained is reduced by 
Laplace t ransformat ion  with respec t  to time to a sys tem of ordinary differential equations 
in which only the f iber displacements  occur .  As i l lustration, the effect of a normal  s t ress  
wave on a half space is solved. The solution is obtained in the form of an infinite ser ies  
provided with an explicit  law by which the t e rms  a re  obtained~ Curves are  presented for 
the distribution of the normal  and shear ing s t r e s se s  at different moments  of t ime.  The 
binder inertia reduces  to the appearance of tangential s t r e s ses  at the f i b e r - b i n d e r  boun- 
da ry ,whiehcan  explain the tendency towards s trat i f icat ion in construct ions made of glass 
f ibe r - r e in fo rced  plast ic .  

1. The assumption [1] that normal  s t r e s ses  exist  only in re inforced f ibers  and that tangential s t r e s ses  
exist  only in the binder in a reas  paral le l  to the f ibers  is often used in studying equilibrium of plates made 
of unidirectional g l a s s - f i be r - r e in fo rced  plast ic .  

Such a theoret ical  t rea tment  of the nature of the per formance  of the components is justified by the 
fact  that Young's moduli differ in them by 1-2 t imes ,  while s t re tches  a re  roughly the same due to the 
cohesion of the fiber and binder~ Although the s t r e ss  state of the components of g lass - f iber - re in forced  
plast ic  is in fact more  complex, such an approach co r rec t ly  expresses  the concept of the efficient p e r -  
formance of re inforced  mate r ia l ;  high strength f ibers are  oriented along the tensile s t r e ss  lines and the 
binder facil i tates a more  uniform distribution of these loads between the f ibers .  

The mathematical  formulat ion of static problems leads from this standpoint to a system of ordinary 
differential equations for  the displacements of re inforced  f ibers ,  while elast ici ty theory would lead to a 
more  complex problem formulated in t e rms  of equations in partial  derivatives with coupling conditions on 
each f i b e r - b i n d e r  surface .  

Such an approach is general ized below to the case of dynamics.  Here,  we will p rese rve  the a s sump-  
tions formulated regarding the nature of the pe r fo rmance  of the components and take into account inertial  
fo rces  in both the binder  and in the f ibers .  This leads to a sys tem of part ial  differential equations for the 
displacement .  A system of differential equations is obtained following Laplace t ransformat ion  with respec t  
to time and the elimination of the binder displacements for the t r ans fo rmed  fiber displacements ,  a lmost  
identical to the static case .  

The chief qualitative effect clarif ied by our formulation of the problem is that the binder inertia 
induces an increase  in the shear ing s t r e s se s  at the component in terfaces .  

Suppose a given plate consists  of M fibers  with Young's modulus E and density Pl, the fibers numbered 
with integers j from R + 1 to R + M. The f ibers  al ternate  with binder layers  (shear modulus G, density P2) 

of width H. We denote by h the width of the f ibers in the place of the plate. Thus we have for  the re in force-  'b 
merit coefficient r = h (h + H),the velqcity of the shear  waves in the f ibers cl = (E/p 1) , the velocity of the 
shea r  waves in theb inde r  C2 = (G/p2) 1/2. The y axis is parallel ,  and the x axis perpendicular ,  to the f ibers .  
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Binde r  d i s p l a c e m e n t  a long the  y ax i s  will  be  no ted  by vj(~,  y ,  t).  Th is  nota t ion ind ica tes  a given 
b i n d e r  point  l i e s  be tween  the j - th  and (j + 1)- th  f i b e r s  a t  a d i s tance  ~ f r o m  the j-th f i b e r  (0 -< ~ -< H ) ; y i s  
the coo rd ina t e  a long the  f i be r ,  and t is  t i m e .  F i b e r  d i s p l a c e m e n t  wil l  be denoted  by uj(y,  t ) .  We a s s u m e  
tha t  s h e a r i n g  s t r e s s e s  in the b inde r  ~'j(~_, y ,  t) and n o r m a l  s t r e s s e s  in the f ibe r  crj(y, t) a r e  p r o p o r t i o n a l  
to the c o r r e s p o n d i n g  d e f o r m a t i o n s ,  

Ov~ (~, y, t) Ouj(y, t) (1.1) 
v j ( ~ , g , t ) = G ,  o~ ' ~ Y ( Y ' t ) = E  @ 

Then  the mot ion  equat ion  of the b i n d e r  changes  into the wave  equa t ion  

c 2 ~O~v~ / O~ 2 - -  02v~ / at 2 = 0 (1.2) 

T h e  b i n d e r -  f i b e r  coupl ing condi t ions  y ie ld  the bounda ry  condi t ions  f o r  Eq. (1.2): 

J vj(0, y, t) = uj (y, t), vj (H, y, t) = uj+l (y, t) (1.3) 

L e t  us  w r i t e  the  f i b e r  m o t i o n  equat ions  , a s s u m i n g  that  the o u t e r m o s t  f i b e r s  (j + R + 1, j = R + M) a r e  
f r e e  of e x t e r n a l  loads ,  so  tha t  

hO~j /Og + [(i - -  5j.R+~• ~j (0, y, t) - -  (t - -  5j,R+I) ~j-1 (H, y, t)l = plhO2uj / cJt ~ 

w h e r e  5jk is  the K r o n e c k e r  s y m b o l .  A f t e r  subs t i tu t ing  ~j ,  Tj, and "ri_l f r o m  Eq.  (1.1) we obta in  

02% G 0 = __  (1.4) 

The  s y s t e m  of equat ions  (1.2)-(1.4) d e t e r m i n e s ,  in conjunct ion with the c o r r e s p o n d i n g  in i t ia l  and 
bounda ry  condi t ions ,  the  m o t i o n  of g l a s s - f i b e r - r e i n f o r c e d  p l a s t i c .  

We now L a p l a c e  t r a n s f o r m  Eqs .  (1.2)-(1.4) wi th  r e s p e c t  to t ime ,  a s s u m i n g  f o r  the s ake  of s i m p l i c i t y  
tha t  the in i t ia l  condi t ions  a r e  z e r o  ([2] Chap.  VI).  The  t r a n s f o r m e d  v a r i a b l e s  will  be  m a r k e d  with  the  
s u p e r s c r i p t  L and the  t r a n s f o r m a t i o n  p a r a m e t e r  wiI1 be  denoted  by p. Fol lowing  this t r a n f o r m a t i o n  Eq. 
(1.2) changes  into an o r d i n a r y  d i f f e ren t i a l  equa t ion  and,  a f t e r  so lv ing  it  unde r  the boundary  condi t ions  
(1.3) (Lap lace  t r a n s f o r m e d ) ,  we obtain  

VjL (~, y, p) = sh-1~ [ujLsh (~ - -  ~ / H) + uj+l L sh ( ~  //-/)l (1.5) 
~, = p H  / c~ 

Using Eqs .  (1.4) and (1.5) we a r r i v e  a t  the s y s t e m  of o r d i n a r y  d i f f e ren t i a l  equa t ions  

~2d2UR+l L / dy 2 ~ ~t ~ [ - -  (a - -  ch ~) u~.~ L ~- un+~ L] = 0 
m~dUuyL/ dy ~ 4- ~ (Ui_l L - -  au~L-] - u~+x L) = O, j :r R + 1, R + M 

L ~ L (1.6) 
t~ d~U~+M / dg ~ -4- [U~+M-x - -  (~ - -  ch~) ua+~] = 0 

= (G / E)~/', ~ = (Hh sh ~ / ~)V~, ~ = p 2 ~ / ~ c ~  + 2 c h  

F i b e r  d i s p l a c e m e n t s  but not b inde r  d i s p l a c e m e n t s  o c c u r  in Eq.  (1.6). Unde r . nonze ro  ini t ia l  condi t ions  
a known r ight  s ide  would  a p p e a r  in Eq.  (1~ The  s h e a r i n g  s t r e s s e s  in the  b inde r  a r e  d e t e r m i n e d  by m e a n s  
of Eqs .  (1.5) and (1.1) once uj has  been  found. 

L e t  us c o n s i d e r  the l imi t ing  c a s e s .  Suppose the  d i s p l a c e m e n t s  a p p r o a c h  a g iven  l i m i t  a s  t tends to 
inf ini ty .  Then ,  u s ing  a w e l l - k n o w n  t h e o r e m  of the ope ra t i ona l  ca l cu lus  ([2], s ec t i on  83), we have  

lim u~ =l i ra  pu~ ~ 

Mult ip ly ing Eqs .  (1.5) and (1.6) by t and p a s s i n g  to the  l i m i t  a s  p a p p r o a c h e s  z e r o ,  we obtain  the 
s y s t e m  of equat ions  tha t  d e s c r i b e s  the equ i l i b r i um s t a t e .  It  wil l  d i f f e r  from, Eqs .  (1.6) by the a b s e n c e  of 
L s u p e r s c r i p t s  for  the d i s p l a c e m e n t s u j  and by the fac t  that" X = 0, w = (Hh) 1/2, and tha t  c~ = 2. We obtain 
f r o m  Eq. (1.5) fol lowing this  p a s s a g e  to a l i m i t  tha t  the d i s p l a c e m e n t  equ i l i b r ium of the  b inde r  a r e  l i n e a r  
funct ions  of ~. 

We m a y  a r r i v e  a t  the s a m e  r e s u l t s  by  le t t ing  the t r a n s m i s s i o n  r a t e s  ci and c2 of the i n t e r a c t i o n  tend 
t o w a r d  inf ini ty .  By p a s s i n g  to the l imi t ,  the coe f f i c i en t s  of the  s y s t e m  (1.6) tend  to the s a m e  va lues  as  
when p a p p r o a c h e s  z e r o .  Consequent ly ,  the fundamenta l  s y s t e m  of solut ions  (1.6) wil l  be  the s a m e  as  in 
s t a t i c s .  Thus,  the  dependence  of uj on p r e s u l t s  by  def in i t ion  f r o m  the boundary  condi t ions  on the cons tan t s  
o c c u r r i n g  in the g e n e r a l  so lu t ion  of the  s y s t e m .  Tha t  i s ,  g l a s s - f i b e r - r e i n f o r c e d  p l a s t i c  i n s t an t aneous ly  
reacts to a variation in the boundary conditions, acquiring an equilibrium configuration corresponding to 
the boundary conditions at the given moment of time. If, in particular, the boundary displacements or 
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de fo rma t ions  a r e  cons tan t  when t > 0, t he i r  Lap lace  t r a n s f o r m s  ( t r ans fo rma t ion  p a r a m e t e r  p_l) fol lowing 
the t r a n s f o r m a t i o n  of the p r e i m a g e  uj wiII  tu rn  out to be independent  of t ([2], s ec .  79, Eq.  (8) when 7 = 0). 

L e t  us c o n s i d e r  a second  p a s s a g e  to a l imi t .  We let  h and H a p p r o a c h  z e r o  and the n u m b e r  M of 
f i be r s  tend to infinity,  so that  the r e i n f o r c e m e n t  coef f ic ien t  r = h / (h  + H) and the x = j (h + H) r e m a i n  con-  
s tan t .  Then ~ a p p r o a c h e s  2 and the e x p r e s s i o n  uj_l L -  ~uj L + uj + l i n t h e  second  and th i rd  equat ions  of 
Eqo (1.6) b e c o m e s  a p ropo r t i ona l  d i f fe rence  analogue of the second  de r iva t ive  with r e s p e c t  to x and u L .  

Thus  we p a s s  to a hom oge ne ous  continuous med ium,  the equat ion f o r  which in L a p l a c e  t r a n s f o r m s  
is obtained f r o m  Eq. (1.6): 

O~u L ~2 02u L p~ uL 
Oy2 + *(t--~----------~ Ox2 -- cl ~ 

An equat ion in p r e i m a g e s  c o r r e s p o n d s  to this  equat ion,  that  is 
02u 32 O~u t '02u 
Oy~ + , (i--- ~) o~ = c~ Ot~ (1.7) 

which  l i t t le  d i f fe rs  f r o m  a wave  equat ion.  The  b inde r  iner t ia  following this  p a s s a g e  to a l imi t  does not 
p lay  any ro l e .  Consequen t ly ,  a de sc r ip t i on  of g l a s s - f i b e r - r e i n f o r c e d  p la s t i c  by means  of Eq. (1.7) i s  un -  
accep tab l e  w h e n e v e r  the  dynamic  i n t e r ac t i on  be tween  the  f ibe r  and b inder  is of i n t e r e s t .  

2. Le t  us c o n s i d e r  the h a l f - s p a c e  y >- 0, - : r  j < r In this c a s e ,  only the second  and th i rd  equat ions  
r e m a i n  in Eqs .  (1.6): mul t ip ly ing  the j - th  equat ion by exp(isj) ,  w h e r e  i is  i m a g i n a r y  uni ty  and s is a rea l  
n u m b e r  and s u m m i n g  o v e r  j,  we a r r i v e  at  the o r d i n a r y  equat ion 

o)2d 2uLF / dy 2 A- ~ ( - - a  -~ 2 cos s) u L7 = 0 

f o r  the F o u r i e r  s e r i e s  c~ 
u LF (y, p, s) = ~ uj L (y, p) exp (is]) 

Since uLF(% p, s) = 0, we find 

~Y COS s) tt LF (y, p, s) = c (p, s) exp ( - -  ~ ]/~a - -  2 

The  unknown funct ion c(p, s) is d e t e r m i n e d  f r o m  the boundary  condi t ions  when y = 0. We find by 
e x p r e s s i n g  the coef f ic ien t s  of the F o u r i e r  s e r i e s  in t e r m s  of its sum,  the Lap lace  t r a n s f o r m  of the d i s -  

p l a c e m e n t s  

u~L (Y' P) =-- (2~)-1 I uLF (Y' p' s) exp (-- is]) ds 

Suppose suddenly  appl ied  cons tan t  n o r m a l  s t r e s s  Qr162 is the r e i n f o r c e m e n t  coeff icient)  ac t s  on the 

half  space .  

Under  the model  we have a c c e p t e d  (the b inde r  does not a b s o r b  n o r m a l  leads)  the boundary  condi t ions  

a r e  given by 

0, t%0 
,Oyj.(O, t)=--~-~ 5o(t), S ~  1, t > O  

Fol lowing  L a p l a c e  t r a n s f o r m a t i o n  we have 

Ote~ L ~ OU LF 2~Q 
0y (0, p) = ' - W -  (0, p, s) = - ~ -  Y~ 51 ( s -  2~k) 

w h e r e  51 is the D i r a c  del ta  funct ion ([3], p. 47, Eq.  (2)), 

2nQr ~ 51 (s - -  2nk) 
c(p,s)  = ~ Y ~  - 2 ~ o , s  ~=_~ 

~q exp ( -~y  lf=----:-~/~) 
uJ L (Y, P) = p~E 1/ 

~L (y, t)) = E ~ = p 

/ /  ~ 2Gel 2 
r ~ ep th ~ -  + p~, e -~ Ehc~ 

We find the s h e a r i n g  s t r e s s e s  at  the f i b e r -  b inder  boundary  (~ = 0) us ing Eqs .  (1.1) and (1.5): 

Qc~ ~ . ( y r )  
th  - T e x p  - -  ~L (0, g, p) -- ~c~ 
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Since there is no dependence in this problem on j, we omit this subscript in subsequent calculations. 

To obtain the preimages, we decompose TL and ~L inTaylor series in powers P = exp(-k) in the 

neighborhood of the point ~ = 0. The terms of these series correspond to the shear waves due to the most 

distant fibers, based on the lag theorem of the operational calculus ([4], p. 69). In particular, the free term 

(X = ~) indicates the solution of the problem for an isolated fiber embedded in a half-space made of the 

binder or the solution of our problem for those moments of time when the shear wave can reach the 

neighboring fibers (0 -< t < H). 

In this case, differentiation with respect to ~z or a calculation of the coefficients of the Taylor series 

can be replaced by differentiation with respect to the parameter ~, in which p does not occur. 

In fact, introducing a new variable X = ~ tanh(X/2) we have 

0sn - - / t n72 - t  ~ (2.1) 

O~ ~ ~-1 (-- i) z T ~" O~Tk-~ O~ 
o :  = y' y'  ~ c~' k=l z=0 OFn aT~ 

The second  equal i ty  e x p r e s s e s  the ru le  fo r  finding the n - th  de r iva t ives  of a compos i t e  function ([5], 
Eq.  (0.430)]~ Using the f i r s t  equal i ty  and r eca l l i ng  that  the de r iva t ives  m u s t  be found at the point  P = 0, 
and a l so  that  

7 = e ( l - -  ~ ) / ( i  + ~) 
k - - 1  k - - i  O n O n 
Y, ( -  1), c ; ~ , - -  .l ~-, I~=o = - -  F, ( -  t)~ c ; ~ , ~ - ,  I~--o = 
I=o OP "n O~n ~ = 0  

= s ~ -  1 = ( - -  2e) ~ ( - -  1) n-~ k (n - -  t ) !  C~ ~ 
O~ ~ i +  

we find the n - t h  t e r m  of the d e s i r e d  T a y l o r  s e r i e s  f o r  the n o r m a l  s t r e s s  

n ~=x ~ C~ ~ (~ = O) (2.2) 

Since the p a r a m e t e r  e is independent  of p,  it will  be suff ic ient  to find the p r e i m a g e  fo r  the f r ee  t e r m ,  
while all  the r ema in ing  p r e i m a g e s  c o r r e s p o n d i n g  t o n  >- I will  be obta ined  f r o m  it by d i f ferent ia t ion  with 
r e s p e c t  to c, a shift  with r e s p e c t  to t ime  by ni l /c2 in the e x p r e s s i o n  obtained and subs t i tu t ion  in Eq. (2.2). 
We then obtain the n o r m a l  s t r e s s  us ing  the t r a n s f o r m a t i o n  equat ion [6] as  a funct ion of t ime  and coord ina te ;  

t 

Q V a ~ - -  YVc~ ~ 

ey ~ 6o t nH y_ Cn~(k__i)! o - - ~ L e x p  - - -~ -  t - -  Io t~ c: 

w h e r e  I 0 and It a r e  Besse l  funct ions  of an i m a g i n a r y  a r g u m e n t .  

S imi l a r  ca lcu la t ions  y ie ld  the s h e a r i n g  s t r e s s  at  the f ibe r  bonudary  

Q~cl = e x p ( - - - ~ ) / o ( ~ - V t  - - -~- : )6o  --  
o0 n 

(2.4) 

At  any t ime  t a f inite n u m b e r  of t e r m s  wil l  o c c u r  in Eqs .  (2.3) and (2.4) so that  the Heavis ide  funct ion 
van i shes  f o r  suf f ic ien t ly  l a r g e  n. The  phys ica l  mean ing  he re  is that  a f ibe r  i n t e rac t s  a lways  with a finite 
n u m b e r  of o the r  f ibe r s ,  f r o m  which the s h e a r  wave succeeds  in a r r i v i n g  at  a given m o m e n t  in t ime .  

Equat ions  (2.3) and (2.4) a r e  not sui table  fo r  ca lcu la t ions  on a c o m p u t e r  as  they involve the d i f f e r -  
en t ia t ion  opera t ion .  We can  e l imina te  d i f fe ren t ia t ion  by us ing  r e c u r s i o n  f o r m u l a s  fo r  the BesseI  funct ions .  
The  r e su l t  of such a t r a n s f o r m a t i o n  is as  fol lows:  

(4, T) = 6o (T - -  ~]) [ e x p  (-- ~) + 11 Q 
i exp(_a)  iI(V.~_~l~)dc~ ] oo 

V ~ - n ~ " - -  ~1 ~, (-n l )n  6o ( T  - -  n •  - -  ~ )  ~=1 qk-~ ( T  - -  n •  ~1) 
n=l 
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F i g .  1 F i g .  2 

0 1.0 

O . g ~  - ~  " i - ,  ''I 

s.~ -se ---"7-' i 

-O.g 

} (,I, T) c2 
- o~,c, = qo(0, T) 80 (T- -  0) + ~ , ~  x 80 (T - -  n ~ - -  0) x 

n-~l 

• k q~ (T - -  n• '1) + T 

w h e r e  ~ = e y / 2 c l  = fl2cly/c2h is  a d i m e n s i o n l e s s  c o o r d i n a t e ,  T = e t / 2  = tf l2el2/c2h i s  d i m e n s i o n l e s s  t i m e ,  
>t = eH/2c2 = •2ei2H/c22h , i s  d i m e n s i o n l e s s  t i m e  fo r  the  s h e a r  wave  pa th  be tw e e n  the f i b e r s ,  and  

qo (T, ~) = exp ( - -  T) Io (V T2 - -  ~l s) 

m0 (T, ~l) = exp ( - -  T) Ix (V TZ - -  ~2) 
qk (T, ~l) --  ~ 2 (n --  k -~ i) 

ks ( - -  Tq~-i "~ ] / T '  - -  ~l s m~.l) 
k--1 

- k + I ( V V - : -  ~ ( - 2 ) ~  m~ mk(T,~]) - n kS q~- i - -Tmk- i )  + a C , ~ "  ~, (_2),C ~ 
/=0 

F i g u r e s  1 and  2 d e p i c t  the  s t r e s s  d i s t r i b u t i o n  wi th  r e s p e c t  to c o o r d i n a t e  a t  d i f f e r e n t  m o m e n t s  of 
t i m e  (the c a l c u l a t i o n  was  c o n d u c t e d  wi th  ~ = 1). If b i n d e r  i n e r t i a  is  not t a k e n  into  a c c o u n t ,  i t  t u r n s  out  tha t  
T = 0 and a = QS0(c l t -y  ). C u r v e s  1 - 4  c o r r e s p o n d  to T = 1.0, 1.4, 1.8, and  2.0 in F i g .  1 and  c u r v e s  1-6 in 
F i g .  2 c o r r e s p o n d  to T = 0.5, 0.75, 1.0, 1.2, 1.6, and  2.0,  r e s p e c t i v e l y .  

The  q u a l i t a t i v e  e f f e c t  d e m o n s t r a t e d  h e r e ,  n a m e l y  the  a p p e a r a n c e  of s h e a r i n g  s t r e s s e s  in a r e a s  p e r -  
p e n d i c u l a r  to the  f ron t  of a p l a n e  w a v e ,  i s  r e l a t e d  to the b i n d e r  i n e r t i a  and not  to the  f a c t t h a t  the l oad  a t  y = 
0 i s  d i s t r i b u t e d  n o n u n i f o r m I y  ( c o n c e n t r a t e d  only on the  f i b e r s ) .  If we t ake  into a c c o u n t  the  n o r m a l  r i g i d i t y  
of the  b i n d e r  and  l o a d  the  h a l f - p l a n e  b o u n d a r y  u n i f o r m l y ,  we wi l l  a g a i n  a r r i v e  a t  the  s a m e  p r o b l e m  wi th  
the  on ly  d i f f e r e n c e  tha t  t he  b o u n d a r y  cond i t ions  wiI1 have  to  ho ld  on a l i ne  s h i f t e d  i n s i d e  the  h a l f - s p a c e  by 
a v a l u e  on the o r d e r  of c lh /c2 ,  due to the  l e s s e r  v e l o c i t y  of l ong i tud ina l  w a v e s  in the  b i n d e r  than in the  
f i b e r s  o v e r  a p e r i o d  of  t i m e  r o u g h l y  equa l  to the  s h e a r  wave  pa th  t i m e  be tween  the  f i b e r s .  
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